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BLOWING-UP SOLUTIONS OF THE TIME-FRACTIONAL
BURGERS, KORTEWEG-DE VRIES, BENJAMIN-BONA-MAHONY,
ROSENAU AND OSTROVSKY TYPE EQUATIONS
B. AHMAD, A. ALSAEDI, M. KIRANE and BERIKBOL T. TOREBEK
Abstract. This paper is devoted to the initial-boundary value problem for the
time-fractional analogues of Korteweg-de Vries-Benjamin-Bona-Mahony-Burgers,
Rosenau-Kortweg-de Vries-Benjamin-Bona-Mahony-Burgers, Ostrovsky and time-
fractional modified Korteweg-de Vries-Burgers equations on a bounded domain.
Sufficient conditions of the blow-up of global solutions in finite time of above equa-
tions are considered. We also study the maximum principle and influence of gradi-
ent non-linearity on the global solvability of initial-boundary value problems for the
time-fractional Burgers equation. In closing, we provide the some exact examples.
The proof of the results is based on the Mitidieri-Pohozhaev nonlinear capacity
method.
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1. Introduction
A nonlinear wave phenomenon is one of the important areas of scientific research,
which many scientists in the past have studied about mathematical models explain-
ing the behavior. There are mathematical models which describe the dynamics of
wave behaviors, such as the Korteweg-de Vries equation, the Burgers equation, the
Benjamin-Bona-Mahony equation, the Rosenau equation, and many others.
Bateman-Burgers equation or Burgers equation [Bat15, Bur48]
ut + uux = νuxx, ν > 0, (1.1)
is a fundamental partial differential equation occurring in various areas of applied
mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow.
The Kortweg-de Vries equation [KV95] is well known in different fields of science
and technology
ut + uux + uxxx = 0. (1.2)
In [BBM72], Benjamin, Bona and Mahony offered the following model equation for
describing long waves on the water surface
ut − utxx + uux = 0. (1.3)
In [Ros86] Rosenau suggested the following equation to describe waves on “shallow”
water:
ut + utxxxx + ux + uux = 0. (1.4)
In [Ost78] Ostrovsky derived an equation for weakly nonlinear surface and internal
waves in a rotating ocean
utx + uxx + uxxxx + (uux)x = 0. (1.5)
The Korteweg-de Vries-Burgers equation
ut + uux + uxxx = νuxx, ν > 0, (1.6)
modified Korteweg-de Vries-Burgers equation
ut + u
2ux + uxxx = νuxx, ν > 0, (1.7)
Benjamin-Bona-Mahony-Burgers equation
ut − utxx + uux = νuxx, (1.8)
Korteweg-de Vries-Benjamin-Bona-Mahony equation
ut − utxx + uxxx + uux = 0, (1.9)
Rosenau-Burgers equation
ut + utxxxx + ux + uux = νuxx, (1.10)
Rosenau-Korteweg-de Vries equation
ut + utxxxx + uxxx + ux + uux = 0, (1.11)
Rosenau-Benjamin-Bona-Mahony equation
ut − utxx + utxxxx + ux + uux = 0, (1.12)
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has also important applications in different physical situations such as waves on
shallow water, and processes in semiconductors with differential conductivity [BS76,
FPS01, Ros89, Shu87, SG69, Zh05].
This paper is devoted to blowing-up solutions of time-fractional analogues of the
above equations, more precisely, to solutions that blow up in a finite time. The ap-
proach to the problem is based on the Mitidieri-Pohozhaev nonlinear capacity method
[MP98, MP01, MP04], more precisely, on the choice of test functions corresponding
to initial and boundary conditions under consideration.
Here, we give a simplest case of the analysis of a rough blow-up, i.e., the case where
the solution tends to infinity as t→ T ∗ on [0, L] of values x, more exactly, when the
integral
L∫
0
u(x, t)φ(x)dx
tends to infinity as t→ T ∗ for the given test function φ.
In [Kor12a, Kor12b, KP13, KY14, KY15] Korpusov et al. obtained sufficient condi-
tions for the finite time blow-up of solutions of initial-boundary problems for Burgers,
Korteweg-de Vries, Benjamin-Bona-Mahony and Rosenau type equations. We also
note that the blowing-up of solutions of the initial problems for the Korteweg-de
Vries and critical Korteweg-de Vries equations are investigated in [MM02, MM14,
MMR14, Po10, Po10a, Po11, Po11a, Po12, Po12a, Po12b]. Blowing-up of solutions
of the initial problems for the Ostrovsky equation is proved in [LPS10].
Descriptions of some physical applications and numerical simulations of the time-
fractional Korteweg-de Vries, Burgers, Benjamin-Bona-Mahony and Rosenau equa-
tions are given in [FH18, HHG19, LZR16, LV18, QTWZ17, SBA18, SB12, XA13,
Yok18].
Recently, the study of the blowing-up solutions of the time-fractional nonlinear
partial differential equations has aroused great interest in the mathematical world.
For example, recently by the authors of this paper obtained results on the blow-up of
the solutions of time-fractional Burgers equation [AKT19a] and fractional reaction-
diffusion equation [AKT19b]. We note that the blow-up of the solution of various
nonlinear fractional problems was investigated in [AAAKT15, AAKMA17, CSWSS18,
KNS08, Pav18, XX18] and etc.
Thus, let us briefly summarise the results of this paper:
• Blowing-up solutions of the initial-boundary problem for the time-fractional
KdV-BBM-Burgers equation:
∂α+0,tu− a∂α+0,tuxx + uux + buxxx − cuxx = 0, 0 < x < L, t > 0,
u(x, 0) = u0(x), x ∈ [0, L],
where a, b, c ∈ R and u0 is given function.
• Blowing-up solutions of the time-fractional Rosenau-KdV-BBM-Burgers equa-
tion with initial conditions described as follows:
∂α+0,t(u− auxx + buxxxx) + cuxxx − duxx + ux + uux = 0, 0 < x < L, t > 0,
u(x, 0) = u0(x), x ∈ [0, L],
where a, b, c, d ∈ R and u0 is given function.
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• Blowing-up solutions of the time-fractional Ostrovsky equation with initial
conditions:
∂α+0,tux + auxx + buxxxx + (uux)x = 0, 0 < x < L, t > 0,
u(x, 0) = u0(x), x ∈ [0, L],
where a, b ∈ R and u0 is given function.
• Blowing-up solutions of the initial problem for the time-fractional analogue
of the modified Korteweg-de Vries-Burgers equation with dissipation:
∂α+0,tu+ u
2ux + auxxx − buxx = 0, x ∈ (0, L), t > 0,
u(x, 0) = u0(x), x ∈ [0, L],
where a, b ∈ R and u0 is sufficiently smooth function.
• Maximum principle and gradient blow-up in time-fractional Burgers equation
∂α+0,tu+ uux = νuxx, x ∈ (0, L), t > 0,
with initial conditions
u(x, 0) = u0(x), x ∈ [0, L],
where ν > 0 and u0 is sufficiently smooth function.
1.1. Preliminaries.
1.1.1. Fractional operators. Here, we recall definitions and properties of fractional
integration and differentiation operators [KST06, Nak03, SKM87].
Definition 1.1. [KST06] (Riemann-Liouville integral). Let f be a locally integrable
real-valued function on −∞ ≤ a < t < b ≤ +∞. The Riemann–Liouville fractional
integral Iα+a of order α ∈ R (α > 0) is defined as
Iα+af (t) = (f ∗Kα) (t) =
1
Γ (α)
t∫
a
(t− s)α−1 f (s)ds,
where Kα(t) =
tα−1
Γ(α)
, Γ denotes the Euler gamma function.
The convolution here will be understood in the sense of the above definition.
Definition 1.2. [KST06] (Riemann-Liouville derivative). Let f ∈ L1([a, b]), −∞ ≤
a < t < b ≤ +∞ and f ∗ Km−α(t) ∈ Wm,1([a, b]), m = [α] + 1, α > 0, where
Wm,1([a, b]) is the Sobolev space defined as
Wm,1([a, b]) =
{
f ∈ L1([a, b]) : d
m
dtm
f ∈ L1([a, b])
}
.
The Riemann–Liouville fractional derivative Dα+a of order α > 0 (m − 1 < α <
m, m ∈ N) is defined as
Dα+af (t) =
dm
dtm
Im−α+a f (t) =
1
Γ (m− α)
dm
dtm
t∫
a
(t− s)m−1−α f (s)ds.
BLOWING-UP SOLUTIONS ... 5
Definition 1.3. [KST06] (Caputo derivative). Let f ∈ L1([a, b]), −∞ ≤ a < t <
b ≤ +∞ and f ∗ Km−α(t) ∈ Wm,1([a, b]), m = [α], α > 0. The Caputo fractional
derivative ∂α+a of order α ∈ R (m− 1 < α < m, m ∈ N) is defined as
∂α+af (t) = D
α
+a
[
f (t)− f (a)− f ′ (a) (t− a)
1!
− ...− f (m−1) (a) (t− a)
m−1
(m− 1)!
]
.
If f ∈ Cm([a, b]) then, the Caputo fractional derivative ∂α+a of order α ∈ R (m−1 <
α < m, m ∈ N) is defined as
∂α+a [f ] (t) = I
m−α
+a f
(m) (t) =
1
Γ (m− α)
t∫
a
(t− s)m−1−α f (m) (s)ds.
Property 1.4. [AAK17] Let 0 < α ≤ 1, f ∈ C([0, T ]), f ′ ∈ L1([0, T ]) and u be
monotone. Then
2f(t)∂α+0,tf(t) ≥ ∂α+0,tf 2(t), t ∈ (0, T ]. (1.13)
Property 1.5. [Lu09] Let f ∈ C1((0, T )) ∩ C([0, T ]) attain its maximum over the
interval [0, T ] at t0 ∈ (0, T ]. Then ∂α+0,tf(t0) ≥ 0.
Let f ∈ C1((0, T ))∩C([0, T ]) attain its minimum over the interval [0, T ] at t0 ∈ (0, T ].
Then ∂α+0,tf(t0) ≤ 0.
1.1.2. Finite time blow-up of solutions of the fractional differential equation. We con-
sider the fractional differential equation with initial data given by
∂α0+u(t) = u
2(t), t > 0,
u(0) = u0.
(1.14)
Here 0 < α ≤ 1 and u0 ∈ R.
The blow-up of solutions to (1.14) is assured by the
Theorem 1.6. [HKL14] If u0 > 0, then the solution of problem (1.14) blows-up in a
finite time (
Γ(α + 1)
4u0
) 1
α
≤ T ∗ ≤
(
Γ(α + 1)
u0
) 1
α
, (1.15)
that is lim
t→T ∗
u(t) = +∞.
2. Blowing-up solutions of the time-fractional KdV-BBM-Burgers
equation
We consider the Cauchy problem for the time-fractional KdV-BBM-Burgers equa-
tion:
∂α+0,tu− a∂α+0,tuxx + uux + buxxx − cuxx = 0, 0 < x < L, t > 0,
u(x, 0) = u0(x), x ∈ [0, L], (2.1)
where a, b, c ∈ R and u0 is given function.
The equation (2.1) is a generalization of the following well-known equations:
• If α = 1 and a = b = 0, c = 1, then the equation (2.1) coincides with the
classical Burgers equation (1.1);
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• If α = 1 and a = c = 0, b = 1, then the equation (2.1) coincides with the
classical KdV equation (1.2);
• If α = 1 and b = c = 0, a = 1, then the equation (2.1) coincides with the
classical BBM equation (1.3);
• If α = 1 and a = 0, b = c = 1, then the equation (2.1) coincides with the
classical KdV-Burgers equation (1.6);
• If α = 1 and b = 0, a = c = 1, then the equation (2.1) coincides with the
classical BBM-Burgers equation (1.8);
• If α = 1 and c = 0, a = b = 1, then the equation (2.1) coincides with the
classical KdV-BBM equation (1.9).
Therefore, equation (2.1) will be called the KdV-BBM-Burgers equation with time-
fractional derivative.
Let a test function ϕ ∈ C3([0, L]) satisfy the following properties:
ϕ′(x) ≥ 0 for x ∈ [0, L], (2.2)
and 

θ1 := 2
L∫
0
(bϕ′′′(x)+cϕ′′(x))2
ϕ′(x)
dx <∞;
θ2 :=
1
2
L∫
0
(ϕ(x)−aϕ′′(x))2
ϕ′(x)
dx <∞.
(2.3)
Suppose the classical solution u(x, t) ∈ C1,3t,x ((0, L)× (0, T )) of problem (2.1) exists.
Multiply the equation (2.1) by a test function ϕ we have
∂α+0,t
L∫
0
(u(x, t)− auxx(x, t))ϕ(x)dx = −b
L∫
0
uxxx(x, t)ϕ(x)dx
+ c
L∫
0
uxx(x, t)ϕ(x)dx−
L∫
0
ux(x, t)u(x, t)ϕ(x)dx.
Integrating by parts the last equation we obtain
∂α+0,t
L∫
0
u(x, t)(ϕ(x)− aϕ′′(x))dx
= b
L∫
0
u(x, t)ϕ′′′(x)dx+ c
L∫
0
u(x, t)ϕ′′(x)dx
+
1
2
L∫
0
u2(x, t)ϕ′(x)dx+ B(u(x, t), ϕ(x))
∣∣∣x=L
x=0
,
(2.4)
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where
B(u(x, t), ϕ(x)) = a∂α+0,tux(x, t)ϕ(x)− a∂α+0,tu(x, t)ϕ′(x)
− buxx(x, t)ϕ(x) + bux(x, t)ϕ′(x)
− bu(x, t)ϕ′′(x) + cux(x, t)ϕ(x)
− cu(x, t)ϕ′(x)− 1
2
u2(x, t)ϕ(x).
Then, using properties (2.2), we find
L∫
0
(
2u(x, t) (bϕ′′′(x) + cϕ′′(x)) + u2(x, t)ϕ′(x)
)
dx
=
L∫
0
(
u(x, t) +
bϕ′′′(x) + cϕ′′(x)
ϕ′(x)
)2
ϕ′(x)dx−
L∫
0
(bϕ′′′(x) + cϕ′′(x))2
ϕ′(x)
dx.
We denote by w(x, t) the following function
w(x, t) = u(x, t) +
bϕ′′′(x) + cϕ′′(x)
ϕ′(x)
.
Let
F (t) =
L∫
0
w(x, t)(ϕ(x)− aϕ′′(x))dx.
By using the Ho¨lder inequality for F (t), we obtain the following estimate

L∫
0
w(x, t)(ϕ(x)− aϕ′′(x))dx


2
≤
L∫
0
w2(x, t)ϕ′(x)dx
L∫
0
(ϕ(x)− aϕ′′(x))2
ϕ′(x)
dx.
Therefore, using the properties of the test function (2.3) for the expression (2.4), we
obtain the following fractional order differential inequality
∂α+0,tF (t) ≥ θ−12 F 2(t) + Φ(t)− θ1 (2.5)
with initial condition
F (0) =
L∫
0
(
u0(x) +
bϕ′′′(x) + cϕ′′(x)
ϕ′(x)
)
(ϕ(x)− aϕ′′(x))dx,
where Φ(t) = B(u(L, t), ϕ(L))− B(u(0, t), ϕ(0)).
Theorem 2.1. Let u0(x) ∈ L1([0, L]) and the solution u ∈ C1,3t,x ((0, L)× (0, T )) of
the equation (2.1) be such that there exists a function ϕ satisfying conditions (2.2),
(2.3). If Φ(t) − θ1 ≥ 0, for all t > 0, and the following inequality holds F (0) > 0,
then
F (t)→ +∞ for t→ T ∗,
where T ∗ satisfies estimate (1.15).
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Proof. By hypothesis of Theorem 2.1: Φ(t) ≥ θ1, for all t > 0, then in (2.5) we have
∂α+0,tF˜ (t) ≥ F˜ 2(t),
where F˜ (t) = θ2F (t).
Since, the function F˜ (t) is the upper solution of equation (1.14), then F˜ (t)→ +∞
for t → T ∗, where T ∗ satisfies estimate (1.15). Whereupon F (t) → +∞ for t →
T ∗. 
Note that the trial function method has great practical convenience.
Example 2.2. (Fractional Korteweg-de Vries equation). Let a = c = 0. If in problem
(2.1) on the interval [0, 1] are given Dirichlet type nonlocal boundary conditions
u(0, t) = 0, t ≥ 0,
u(1, t) = 0, t ≥ 0,
ux(1, t) = ux(0, t) + uxx(1, t), t ≥ 0.
Then, if ϕ(x) = x we obtain
θ1 := 0, θ2 :=
1
6
and
Φ(t) = θ1 = 0, for all t > 0;
hence it follows from Theorem 2.1 that, under condition
1∫
0
u0(x)xdx > 0
the solution of problem (2.1) blows up in finite time.
Example 2.3. (Fractional Burgers equation). Let a = b = 0 in problem (2.1) on the
interval [0, 1] and let the solution of problem (2.1) satisfy the Robin type nonlinear
boundary conditions
u(0, t) = 0, t ≥ 0,
cux(1, t)− cu(1, t)− 1
2
u2(1, t) = 0, t ≥ 0.
Then, if ϕ(x) = x we obtain
θ1 := 0, θ2 :=
1
6
and
Φ(t) = θ1 = 0, for all t > 0;
hence it follows from Theorem 2.1 that, under condition
1∫
0
u0(x)xdx > 0
the solution of problem (2.1) blows up in finite time.
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Example 2.4. (Fractional Benjamin-Bona-Mahony equation). Let c = b = 0, a = 1
in problem (2.1) and on the interval [0, 1] are given final boundary conditions
u(1, t) = 0, t ≥ 0,
ux(1, t) = 0, t ≥ 0.
Then, taking a function ϕ(x) = x4 we obtain
θ1 := 0, θ2 :=
395
48
and
Φ(t) = 0, for all t > 0;
hence it follows from Theorem 2.1 that, under condition
1∫
0
u0(x)x
2(x2 − 12)dx > 0
the solution of problem (2.1) blows up in finite time.
3. Blowing-up solutions of the time-fractional
Rosenau-KdV-BBM-Burgers equation
In this section we consider the time-fractional Rosenau-KdV-BBM-Burgers equa-
tion with initial conditions described as follows:
∂α+0,t(u− auxx + buxxxx) + cuxxx − duxx + ux + uux = 0, 0 < x < L, t > 0,
u(x, 0) = u0(x), x ∈ [0, L], (3.1)
where a, b, c, d ∈ R and u0 is given function.
The equation (3.1) is a generalization of the following well-known equations:
• If α = 1 and a = c = d = 0, b = 1, then the equation (3.1) coincides with the
classical Rosenau equation (1.4);
• If α = 1 and a = c = 0, b = 1, then the equation (3.1) coincides with the
classical Rosenau-Burgers equation (1.10);
• If α = 1 and c = d = 0, a = b = 1, then the equation (3.1) coincides with the
classical Rosenau-BBM equation (1.12);
• If α = 1 and a = d = 0, b = c = 1, then the equation (3.1) coincides with the
classical Rosenau-KdV equation (1.11).
Therefore, equation (3.1) will be called the Rosenau-KdV-BBM-Burgers equation
with time-fractional derivative.
We study the question of the blow-up of a classical solution u ∈ C1,4t,x ([0, T ]× [0, L])
of problem (3.1).
We consider a test function ϕ ∈ C4([0, L]) defined on the domain 0 < x < L.
Suppose the solution u ∈ C1,4t,x ([0, T ] × [0, L]) exists on [0, T ] × [0, L]. Multiply the
time-fractional Rosenau-KdV-BBM-Burgers equation (3.1) by a test function ϕ and
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integrating by parts we have
∂α+0,t
L∫
0
u(x, t)(ϕ(x)− aϕ′′(x) + bϕ′′′′(x))dx
=
L∫
0
u(x, t)(cϕ′′′(x) + dϕ′′(x) + ϕ′(x))dx+
1
2
L∫
0
u2(x, t)ϕ′(x)dx
+ B(u(L, t), ϕ(L))− B(u(0, t), ϕ(0)),
(3.2)
where
B(u(x, t), ϕ(x)) = a∂α+0,tux(x, t)ϕ(x)− a∂α+0,tu(x, t)ϕ′(x)
− b∂α+0,tuxxx(x, t)ϕ(x) + b∂α+0,tuxx(x, t)ϕ′(x)
− b∂α+0,tux(x, t)ϕ′′(x) + b∂α+0,tu(x, t)ϕ′′′(x)
− cuxx(x, t)ϕ(x) + cux(x, t)ϕ′(x)− cu(x, t)ϕ′′(x)
+ dux(x, t)ϕ(x)− du(x, t)ϕ′(x)
− u(x, t)ϕ(x)− 1
2
u2(x, t)ϕ(x).
Let the function ϕ(x) be monotonically nondecreasing:
ϕ′(x) ≥ 0 for x ∈ [0, L] (3.3)
and satisfy the following properties


θ1 :=
1
2
L∫
0
(cϕ′′′(x) + dϕ′′(x) + ϕ′(x))2
ϕ′(x)
dx <∞;
θ2 := 2
L∫
0
(ϕ(x)− aϕ′′(x) + bϕ′′′′(x))2
ϕ′(x)
dx <∞.
(3.4)
Then we have
2
L∫
0
u(x, t)(cϕ′′′(x) + dϕ′′(x) + ϕ′(x))dx+
L∫
0
u2(x, t)ϕ′(x)dx
=
L∫
0
v2(x, t)ϕ′(x)dx−
L∫
0
(cϕ′′′(x) + dϕ′′(x) + ϕ′(x))2
ϕ′(x)
dx,
where v(x, t) = u(x, t) + cϕ
′′′(x)+dϕ′′(x)+ϕ′(x)
ϕ′(x)
.
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Using the Ho¨lder inequality, we obtain the following estimate


L∫
0
v(x, t)(ϕ(x)− aϕ′′(x) + bϕ′′′′(x))dx


2
≤
L∫
0
v2(x, t)ϕ′(x)dx
L∫
0
(ϕ(x)− aϕ′′(x) + bϕ′′′′(x))2
ϕ′(x)
dx.
Then, expression (3.2) can be rewritten in the form
∂α+0,tF (t) ≥ θ−12 F 2(t) + Φ(t)− θ1, (3.5)
where F (t) =
L∫
0
v(x, t) (ϕ(x)− aϕ′′(x) + bϕ′′′′(x)) dx and Φ(t) = B(u(L, t), ϕ(L)) −
B(u(0, t), ϕ(0)).
Theorem 3.1. Let u0(x) ∈ L1([0, L]) and the solution u ∈ C1,4t,x ((0, L)× (0, T )) of
the equation (3.1) be such that there exists a function ϕ satisfying conditions (3.3),
(3.4). If Φ(t)− θ1 ≥ 0, for all t > 0, and F (0) > 0, then
F (t)→ +∞ for t→ T ∗,
where T ∗ satisfies estimate (1.15).
The Theorem 3.1 can be proved as Theorem 2.1.
Example 3.2. (Fractional Rosenau equation). Let a = c = d = 0. If in problem
(3.1) on the interval [0, 1] are given Dirichlet type boundary conditions
u(0, t) = 0, t ≥ 0,
u(1, t) = 0, t ≥ 0,
uxx(1, t) = 0, t ≥ 0,
∂α+0,tuxxx(0, t)− ∂α+0,tuxx(0, t) = f(t), t ≥ 0.
Suppose that f(t) ≥ 1
2
, for all t > 0. Then, if ϕ(x) = x− 1 we obtain
θ1 :=
1
2
, θ2 :=
2
3
and
Φ(t)− θ1 = f(t)− 1
2
≥ 0, for all t > 0;
hence it follows from Theorem 3.1 that, under condition
1∫
0
u0(x)(x− 1)dx > 1
2
the solution of problem (3.1) blows up in finite time.
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Example 3.3. (Fractional Rosenau-Burgers equation). Let a = c = 0. If in problem
(3.1) on the interval [0, 1] are given nonlocal dynamical boundary conditions
u(1, t) = 0, t ≥ 0,
ux(1, t) + u(0, t) = 0, t ≥ 0,
uxx(0, t) = 0, t ≥ 0,
∂α+0,tuxxx(1, t)− ∂α+0,tuxx(1, t) =
1
2
, t ≥ 0.
Then, if ϕ(x) = x we obtain
θ1 :=
1
2
, θ2 :=
2
3
and
Φ(t)− θ1 = 0, for all t > 0;
hence it follows from Theorem 3.1 that, under condition
1∫
0
u0(x)xdx > −1
2
the solution of problem (3.1) blows up in finite time.
4. Blowing-up solutions of the time-fractional Ostrovsky equation
In (0, L)× (0, T ) we consider the equation
∂α+0,tux + auxx + buxxxx + (uux)x = 0, x ∈ (0, L), t > 0, (4.1)
with Cauchy data
u(x, 0) = u0(x), x ∈ [0, L], (4.2)
where a, b ∈ R and u0 is sufficiently smooth function.
Multiplying equation (4.1) by test function ϕ(x) ∈ C4([0, L]) and integrating by
parts, we obtain
∂α+0,t
L∫
0
u(x, t)ϕ′(x)dx =
1
2
L∫
0
u2(x, t)ϕ′′(x)dx
+
L∫
0
u(x, t)(aϕ′′(x) + bϕ′′′′(x))dx+ B(u(x, t), ϕ(x))
∣∣∣L
0
,
(4.3)
where
B(u(x, t), ϕ(x)) = ∂α+0,tu(x, t)ϕ(x)− aux(x, t)ϕ(x) + au(x, t)ϕ′(x)
− buxxxϕ(x) + buxx(x, t)ϕ′(x)− bux(x, t)ϕ′′(x)
+ bu(x, t)ϕ′′′(x)− u(x, t)ux(x, t)ϕ(x) + 1
2
u2(x, t)ϕ′(x).
Let the function ϕ(x) satisfy the following properties:
ϕ′′(x) ≥ 0 for x ∈ [0, L] (4.4)
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and 

θ1 :=
1
2
L∫
0
(aϕ′′(x) + bϕ′′′′(x))2
ϕ′′(x)
dx <∞;
θ2 := 2
L∫
0
ϕ′2(x)
ϕ′′(x)
dx <∞.
(4.5)
Then we have
2
L∫
0
u(x, t)(aϕ′′(x) + bϕ′′′′(x))dx+
L∫
0
u2(x, t)ϕ′′(x)dx
=
L∫
0
v2(x, t)ϕ′′(x)dx−
L∫
0
(aϕ′′(x) + bϕ′′′′(x))2
ϕ′′(x)
dx,
where v(x, t) = u(x, t) + aϕ
′′(x)+bϕ′′′′(x)
ϕ′′(x)
.
Using the Ho¨lder inequality, we obtain the following estimate

L∫
0
v(x, t)ϕ′(x)dx


2
≤
L∫
0
v2(x, t)ϕ′′(x)dx
L∫
0
ϕ′2(x)
ϕ′′(x)
dx.
Then, the expression (4.3) can be represented as
∂α+0,tF (t) ≥ θ−12 F 2(t) + Φ(t)− θ1, (4.6)
where F (t) =
L∫
0
v(x, t)ϕ′(x)dx and Φ(t) = B(u(L, t), ϕ(L))− B(u(0, t), ϕ(0)).
Theorem 4.1. Let u0(x) ∈ L1([0, L]) and the solution u ∈ C1,4t,x ((0, L)× (0, T )) of
the problem (4.1), (4.2) be such that there exists a function ϕ satisfying conditions
(4.4), (4.5). If Φ(t)− θ1 ≥ 0, for all t > 0, and F (0) > 0, then
F (t)→ +∞ for t→ T ∗,
where T ∗ satisfies estimate (1.15).
The Theorem 4.1 can be proved as Theorem 2.1.
Example 4.2. Let a = 1 and b = −1. If in problem (4.1), (4.2) on the interval [0, 1]
are given Dirichlet type boundary conditions
u(0, t) = 0, t ≥ 0,
u(1, t) = 0, t ≥ 0,
ux(0, t) = 0, t ≥ 0,
uxxx(1, t)− 2uxx(1, t) = f(t), t ≥ 0.
Suppose that f(t) ≥ 1, for all t > 0. Then, if ϕ(x) = x2 we obtain
θ1 := 1, θ2 :=
4
3
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and
Φ(t)− θ1 = f(t)− 1 ≥ 0, for all t > 0;
hence it follows from Theorem 4.1 that, under condition
1∫
0
u0(x)x
2dx > −1
3
the solution of problem (4.1), (4.2) blows up in finite time.
5. Blowing-up solutions of the time-fractional modified
KdV-Burgers equation
Consider the initial problem for the time-fractional analogue of the well-known
modified Korteweg-de Vries-Burgers equation with dissipation:
∂α+0,tu+ u
2ux + auxxxx − buxx = 0, x ∈ (0, L), t > 0, (5.1)
u(x, 0) = u0(x), x ∈ [0, L], (5.2)
where a, b ∈ R and u0 is sufficiently smooth function.
Let a test function ϕ ∈ C3([0, L]) satisfy the following properties:
ϕ(x) ≤ 0, ϕ′(x) ≥ 0 for x ∈ [0, L], (5.3)
3aϕ′(x) + 2bϕ(x) ≤ 0 for x ∈ [0, L], (5.4)
and 

θ1 := 2
L∫
0
(aϕ′′′(x)+bϕ′′(x))2
ϕ′(x)
dx <∞;
θ2 :=
1
2
L∫
0
ϕ2(x)
ϕ′(x)
dx <∞.
(5.5)
Multiplying equation (5.1) by function u(x, t)ϕ(x) and integrating by parts, we can
obtain
L∫
0
∂α+0,tu(x, t)u(x, t)ϕ(x)dx
=
1
4
L∫
0
u4(x, t)ϕ′(x)dx+
1
2
L∫
0
u2(x, t)(aϕ′′′(x) + bϕ′′(x))dx
−
L∫
0
u2x(x, t)
(
3a
2
ϕ′(x) + bϕ(x)
)
dx+ B(u(x, t), ϕ(x))
∣∣∣L
0
,
(5.6)
where
B(u(x, t), ϕ(x)) =− 1
4
u4(x, t)ϕ(x) + u(x, t)ux(x, t)(aϕ
′(x) + bϕ(x))
− u
2(x, t)
2
(aϕ′′(x) + bϕ′(x)) +
a
2
u2x(x, t)ϕ(x)
− au(x, t)uxx(x, t)ϕ(x).
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Then we have
1
2
L∫
0
u2(x, t)(aϕ′′′(x) + bϕ′′(x))dx+
1
4
L∫
0
u4(x, t)ϕ′(x)dx
=
1
4
L∫
0
v4(x, t)ϕ′(x)dx− 1
4
L∫
0
(aϕ′′′(x) + bϕ′′(x))2
ϕ′(x)
dx,
where
v2(x, t) = u2(x, t) +
aϕ′′′(x) + bϕ′′(x)
ϕ′(x)
.
Using the Ho¨lder inequality and inequality (1.13), we obtain

L∫
0
v2(x, t)ϕ(x)dx


2
≤
L∫
0
v4(x, t)ϕ′(x)dx
L∫
0
ϕ2(x)
ϕ′(x)
dx,
∂α+0,tu(x, t)u(x, t)ϕ(x) ≥
1
2
∂α+0,t
(
u2(x, t)ϕ(x)
)
.
From (5.4) we also get
−
L∫
0
u2x(x, t)
(
3a
2
ϕ′(x) + bϕ(x)
)
dx ≥ 0.
Then, expression (5.6) can be rewritten in the form
∂α+0,tF (t) ≥ θ−12 F 2(t) + Φ(t)− θ1, (5.7)
where
F (t) =
L∫
0
v2(x, t)ϕ(x)dx
and
Φ(t) = 2B(u(L, t), ϕ(L))− 2B(u(0, t), ϕ(0)).
Theorem 5.1. Let u0(x) ∈ L1([0, L]) and the solution u ∈ C1,3t,x ((0, L)× (0, T )) of
the equation (5.1) be such that there exists a function ϕ satisfying conditions (5.3),
(5.4) and (5.5). If Φ(t)− θ1 ≥ 0, for all t > 0, and F (0) > 0, then
F (t)→ +∞ for t→ T ∗,
where T ∗ satisfies estimate (1.15).
Proof. Since, according to the Theorem 5.1 Φ(t) − θ1 ≥ 0, for all t > 0, then from
(5.7) we have
∂α+0,tF˜ (t) ≥ F˜ 2(t),
where F˜ (t) = θ2F (t).
As the function F˜ (t) is the upper solution of equation (1.14), then F˜ (t)→ +∞ for
t→ T ∗, where T ∗ satisfies estimate (1.15). Whereupon F (t)→ +∞ for t→ T ∗. 
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Example 5.2. Let a = 2 and b = 3. If in problem (5.1) on the interval [0, 1] are
given Dirichlet type nonlocal boundary conditions
u(0, t) = 0, t ≥ 0,
u(1, t) = 0, t ≥ 0,
ux(1, t) =
√
eux(0, t), t ≥ 0,
where e = exp(1) is the Euler’s number. Then, if
ϕ(x) = − exp(−x)
we obtain
θ1 := 0, θ2 :=
1− e−1
2
and
Φ(t) = θ1 = 0, for all t > 0;
hence it follows from Theorem 5.1 that, under condition
1∫
0
u20(x) exp(−x)dx < 1− e−1
the solution of problem (5.1) blows up in finite time.
Example 5.3. Let a = 0 and b > 0. If in problem (5.1) on the interval [0, 1] are
given Dirichlet boundary conditions
u(0, t) = 0, t ≥ 0,
u(1, t) = 0, t ≥ 0.
Then, if
ϕ(x) = x− 1
we obtain
θ1 := 0, θ2 :=
1
6
and
Φ(t) = θ1 = 0, for all t > 0;
hence it follows from Theorem 5.1 that, under condition
1∫
0
u20(x)(x− 1)dx > 0
the solution of problem (5.1) blows up in finite time.
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6. Maximum principle and gradient blow-up in time-fractional
Burgers equation
The purpose of this section is to study time-fractional Burgers equation
∂α+0,tu+ uux = νuxx, x ∈ (0, L), t > 0, (6.1)
with initial conditions
u(x, 0) = u0(x), x ∈ [0, L], (6.2)
where ν > 0 and u0 is sufficiently smooth function.
6.1. Maximum principle. In this subsection, we shall present the maximum prin-
ciple for the time-fractional Burgers equation (6.1).
Theorem 6.1. Let u (x, t) satisfy the time-fractional Burgers equation (6.1) with
Cauchy data (6.2). Then
u (x, t) ≥ min
(x,t)
{u (0, t) , u (L, t) , u0 (x)} for (x, t) ∈ [0, L]× [0, T ).
Proof. Let
m = min
(x,t)
{u (a, t) , u (b, t) , u0 (x)}
and
u˜ (x, t) = u (x, t)−m.
Then, we have
u˜ (0, t) = u (0, t)−m ≥ 0, t ∈ [0, T ) ,
u˜ (L, t) = u (L, t)−m ≥ 0, t ∈ [0, T ) ,
and
u˜ (x, 0) = u0 (x)−m ≥ 0, x ∈ [0, L].
Since
∂α+0,tu˜(x, t) = ∂
α
+0,tu(x, t)
and
u˜xx (x, t) = uxx (x, t) ,
it follows that u˜ (x, t) satisfies:
∂α+0,tu˜(x, t) + u˜(x, t)u˜x(x, t) +mu˜x(x, t) = νu˜xx (x, t) ,
and initial condition
u˜ (x, 0) = u0 (x)−m ≥ 0, x ∈ [a, b].
Suppose that there exits some (x, t) ∈ [0, L] × [0, T ) such that u˜ (x, t) is negative.
Since
u˜ (x, t) ≥ 0, (x, t) ∈ {0} × [0, T ] ∪ {L} × [0, T ] ∪ [0, L]× {0},
there is (x0, t0) ∈ (0, L)× (0, T ] such that u˜ (x0, t0) is the negative minimum of u˜ over
(0, L)× (0, T ]. It follows from Property 1.5 that ∂α+0,tu(x0, t0) < 0.
Therefore at (x0, t0), we get
∂α+0,tu˜(x0, t0) < 0, u˜x(x0, t0) = 0 and νu˜xx (x0, t0) ≥ 0.
This contradiction shows that u˜ (x, t) ≥ 0, whereupon u (x, t) ≥ m on [0, L]× [0, T ].

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A similar result can be obtained for the nonpositivity of the solution u(x, t) by
considering −u(x, t).
Theorem 6.2. Suppose that u (x, t) satisfies (6.1), (6.2). Then
u (x, t) ≤ max
(x,t)
{u(L, t), u(0, t), u(x, 0)} , (x, t) ∈ [0, L]× [0, T ).
6.2. Gradient blow-up. Now suppose that the boundary conditions are set in such
a way that the global in time solution of equation (6.1) is bounded. Let there exist
a smooth bounded solution |u(x, t)| ≤ M. Differentiating equation (6.1) with respect
to x, we obtain
∂α+0,tux + uuxx + u
2
x − νuxxx = 0, x ∈ (0, L), t > 0. (6.3)
Substituting the expression for uxx from (6.1), we rewrite (6.3) in the form
∂α+0,tux + u
2
x +
1
ν
u∂α+0,tu+
1
ν
u2ux = νuxxx, x ∈ (0, L), t > 0. (6.4)
Multiply the equation (6.4) by the function 0 ≤ ϕ(x) ∈ C3([0, L]) and integrate by
parts over the domain [0, L], obtaining
L∫
0
(
∂α+0,tux(x, t) +
1
ν
u(x, t)∂α+0,tu(x, t)
)
ϕ(x)dx
= −
L∫
0
(
u2x(x, t) +
1
ν
u2(x, t)ux(x, t)
)
ϕ(x)dx− ν
L∫
0
u(x, t)ϕ′′′(x)dx
+ ν (uxx(x, t)ϕ(x)− ux(x, t)ϕ′(x) + u(x, t)ϕ′′(x)) .
(6.5)
Denote v = −ux − 12νu2. Then, using |u(x, t)| ≤M and inequality (1.13), we obtain
∂α+0,t
L∫
0
v(x, t)ϕ(x)dx ≥
L∫
0
v2(x, t)ϕ(x)dx
− M
4
4ν2
L∫
0
ϕ(x)dx−Mν
L∫
0
|ϕ′′′(x)|dx
− ν (uxx(x, t)ϕ(x)− ux(x, t)ϕ′(x) + u(x, t)ϕ′′(x))
∣∣∣L
0
.
(6.6)
Let
θ1 :=
M4
4ν2
L∫
0
ϕ(x)dx+Mν
L∫
0
|ϕ′′′(x)|dx <∞, (6.7)
θ2 :=
L∫
0
ϕ(x)dx <∞. (6.8)
Using Ho¨lder inequality, we can rewritte the expression (6.6) in the form
∂α+0,tF (t) ≥ θ−12 F 2(t) + Φ(t)− θ1, (6.9)
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where
F (t) =
L∫
0
v(x, t)ϕ(x)dx
and
Φ(t) = −ν (uxx(x, t)ϕ(x)− ux(x, t)ϕ′(x) + u(x, t)ϕ′′(x))
∣∣∣L
0
.
Theorem 6.3. Let u0(x) ∈ C1([0, L]) and the solution u ∈ C1,3t,x ((0, L)× (0, T )) of
the equation (6.1) be such that there exists a function ϕ satisfying conditions (6.7)
and (6.8). If Φ(t)− θ1 ≥ 0, for all t > 0, and
F (0) = −
L∫
0
(
u′0(x) +
1
2ν
u20(x)
)
ϕ(x)dx > 0,
then
F (t)→ +∞ for t→ T ∗,
where T ∗ satisfies estimate (1.15).
The Theorem 6.3 can be proved as Theorem 5.1.
Conclusion
The present paper is devoted to the study to blowing-up solutions of the some
time-fractional nonlinear partial differential equations. The results of this article are:
• Blowing-up solutions of the initial-boundary problem for the time-fractional
KdV-BBM-Burgers equation is proved.
• Blowing-up solutions of the time-fractional Rosenau-KdV-BBM-Burgers equa-
tion with initial conditions is proved.
• Blowing-up solutions of the time-fractional Ostrovsky equation with Cauchy
data is proved.
• Blowing-up solutions of the initial problem for the time-fractional analogue of
the modified Korteweg-de Vries-Burgers equation with dissipation is proved.
• Maximum principle and gradient blow-up in time-fractional Burgers equation
is proved.
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